In this work we study the issue of gauge anomalies in Lorentz-violating QED. To do so, we opt to use the Becchi-Rouet-Stora-Tyutin formalism within the algebraic renormalization approach, reducing our study to a cohomology problem. Since this approach is independent of the renormalization scheme, the results obtained here are expected to be general. We find that the Lorentz-violating QED is free of gauge anomalies to all orders in perturbation theory.
Introduction
Considerable studies have been done in the Standard Model Extension (SME) [1, 2, 3] . This model looks for tiny deviations from Lorentz symmetry, which could be signs from underlying quantum-gravity theories [4, 5, 6, 7, 8] . Specifically, in the minimal sector of SME (powercounting renormalizable) the studies are concentrated on Lorentz-violating electrodynamics, from phenomenological to theoretical points of view [9, 10, 11, 12] . Since this model is powercounting renormalizable, studies in its renormalizability properties and radiative corrections have been done [13, 14, 15, 16] . For instance, in Ref. [13] the renormalizability is analyzed at one-loop order in perturbation theory. Applying dimensional regularization [17, 18] in order to handle divergent Feynman integrals and using a mass-independent subtraction scheme, the authors are capable of showing that the Lorentz-violating electrodynamics is renormalizable at one-loop order. Remarkably, the model preserves gauge symmetry, i.e., the Ward identities are preserved at quantum level (one-loop). Moreover, this result is also confirmed through Pauli-Villars regularization [2, 19] . However, nothing is said about the gauge symmetry in finite terms. In fact, if one looks for radiative corrections, these two regularization methods show inequivalent results in the Chern-Simons like term generation (the so-called Chern-Simons generation controversy) [2, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] . The analysis up to all orders in perturbation theory within the algebraic renormalization technique was discussed in [15, 16] . In particular, in [16] it is formally shown that the Chern-Simons term does not renormalize and is not generated in radiative corrections.
Turning back to one-loop results, a step beyond Ref. [13] is presented in [31] , where the computation of the Feynman integrals related to the three-photon vertex diagrams is performed. It is shown that the contribution which comes from three-photon vertex diagrams is free of gauge anomalies at one-loop order, and it is conjectured that this property remains to all orders in perturbation theory. Essentially, they fixed the ambiguity of the internal momentum routing of the diagrams by requiring gauge invariance of the theory. They also stress the importance of this result for a complete proof of the all orders renormalizability of Lorentz-violating QED. In fact, once the anomaly parameter can be made to vanish at one-loop, a nonrenormalization theorem would be needed in order to guarantee this property up to all orders in perturbation theory. Still in this line, in [32] are analyzed the one-loop contributions coming from vacuumpolarization and three-photon vertex diagrams. Besides divergent terms, the finite contributions from the mentioned diagrams are computed through the so-called implicit regularization, in order to circumvent the problem of the ambiguity in defining a d-dimensional γ 5 -matrix algebra. Moreover, the momentum routing invariance is employed in order to ensure the gauge invariance of Lorentz-violating QED. Although the authors of [32] disagree with the computation procedure employed in [31] , both works show which Ward identities of Lorentz-violating QED remain valid at one-loop order.
In this work we study the gauge anomaly issue in Lorentz-violating QED from the BecchiRouet-Stora-Tyutin (BRST) point of view within the algebraic renormalization approach [33] , avoiding, thus, possible problems from the regularization prescription. In this way, the analysis is reduced to a cohomology problem of the BRST operator. Essentially, we will employ the Symanzik method [34] of the external sources in order to control the Lorentz symmetry breaking and proceed with the BRST quantization of the model. Basically, we embed the Lorentzviolating QED in a more general theory, with well defined Lorentz and BRST symmetries. At the end of the study the theory is contracted down to the starting action. We emphasize that this method was vastly employed in Yang-Mills theories in order to control a soft BRST symmetry breaking in the Gribov-Zwanzinger scenario [35, 36, 37, 38, 39, 40] , and also in the study of the renormalizability of Lorentz-violating Yang-Mills theory [41] . We shall see that the Lorentz-violating QED is free of gauge anomalies to all orders in perturbation theory by verifying that the solution of the Slavnov-Taylor operator (functional form of the BRST operator) in the nontrivial sector of the cohomology is empty. This is verified through the extension of the Slavnov-Taylor operator to the quantum level, following the quantum action principle (QAP) prescription [42] , and through the algebra obeyed by the Slavnov-Taylor operator and a set of extra Ward identities (which are also anomalies free).
Let us clarify a few points about anomalies. An anomaly is, essentially, the breaking of a Ward identity at quantum level. One speaks of gauge anomaly if the Slavnov-Taylor identity breaks down. It worthwhile to emphasize that relevant anomalies are independent of any regularization prescription employed in the computation of the Feynman integrals. In fact, relevant anomalies are usually related to observable physical phenomena [43, 44, 45] . Moreover, if one uses cohomology properties in order to characterize the anomalies present in the theory, the relevant anomalies correspond to a nonempty solution of the nontrivial sector of the cohomology. Every time this happens, a nonrenormalization theorem is needed in order to establish the absence (or not) of quantum corrections on the anomaly parameter at high-orders in perturbation theory. Because of the importance of the gauge symmetry in renormalizability and unitarity analysis of gauge theory [46, 47, 48, 49] , usually one looks for some mechanism yielding a vanishing anomaly parameter, e.g., sum of all fermions in a family. In the case that this is possible, a nonrenormalization theorem comes in to guarantee this property to all orders. If this is possible the theory is said to be anomaly free. On the other hand, when the anomaly depends on the regularization scheme, one characterizes an irrelevant anomaly. In the cohomology point of view, the irrelevant anomalies belong to the trivial sector of the cohomology. Thus, besides the restoration of Lorentz symmetry, to employ the BRST techniques is a safe way to study the anomalies of the Lorentz-violating QED.
This work is organized as follows: In Sec. 2 we present the Lorentz-violating electrodynamics, with our conventions, its properties, and its definitions. In Sec. 3, the BRST quantization of the model with the extra set of auxiliary sources is provided. In Sec. 4, we study the possible anomalies of the model by studying a cohomology problem. Final comments are displayed in Sec. 5.
Lorentz-violating electrodynamics
QED is a gauge theory based on the U (1) symmetry group describing the interaction between the electromagnetic and the Dirac fields. The minimal sector of the QED extension consists in an extra sector that breaks the Lorentz symmetry in such a way that the gauge symmetry is still preserved. The Lorentz symmetry violation manifests through couplings between background external fields and composite operators with the dimension bounded by four (power-counting renormalizability). The action for this model reads
where
is the classical action of the usual QED. The covariant derivative is defined as D µ ≡ ∂ µ + ieA µ , the field strength is written as F µν ≡ ∂ µ A ν − ∂ ν A µ and A µ is the gauge field. The parameter m is the electron mass and e the electromagnetic coupling constant. The second term in (2.1) is the Lorentz-violating action,
The Lorentz symmetry violation in the fermionic sector manifests itself through the following constant tensorial fields: c νµ , d νµ , e µ , f µ , g αβµ , m 5 , a µ , b µ , and h µν . They define privileged directions in spacetime and are constant tensors. Couplings that take into account tensorial fields with an even number of indices preserve the charge-parity-time (CPT) discrete mapping, while those that include an odd number of indices do not preserve CPT. The tensorial fields c νµ , d νµ , e µ , f µ , and g αβµ are dimensionless while m 5 , a µ , b µ , and h µν have mass dimension 1. The tensorial fields c νµ and d νµ are taken to be traceless. The tensor field h µν is antisymmetric, and g αβµ is antisymmetric only on its first two indices. At the gauge field sector, the Lorentz violation is characterized by the field v µ , with mass dimension 1, and κ αβµν , which is dimensionless. This tensor obeys the same properties of the Riemann tensor and is double traceless,
Although the action (2.1) violates discrete symmetries, these symmetries still have an important role. In fact, the quantum corrections on the classical action (2.1) are limited by properties of the background tensors. This means that, for instance, combinations between background tensor fields and/or mass parameters that lead to a pseudovector are avoided to couple with a vectorial composite operator. This property, of course, is not expected to be violated at quantum level.
In fact, one-loop explicit computations confirm this property [13, 16] . Otherwise, there would be no distinction between vectorial and pseudovectorial background fields, for instance.
BRST quantization of Lorentz-violating electrodynamics
As is widely known, the Faddeev-Popov fields decouple from the dynamics because they do not interact with the gauge field. Thus, in principle, they could be neglected. Indeed, in the electrodynamics in the Landau gauge the ghost fields are irrelevant; but they are relevant if one is interested in looking to QED from the BRST cohomology point of view. In fact, since the BRST operator is nilpotent, the solutions of the quantum theory are restricted to a cohomology problem. This property is very useful in the study of the renormalizability, anomalies, and unitarity of gauge theories. In particular, renormalizability and anomalies are studied by seeking the most general solutions in the space of the local integrated polynomial in the fields and their derivatives with zero and one ghost numbers, respectively. Another useful feature of the BRST approach is that the introduction of the fields b,c, and c provides a set of extra Ward identities, which are very useful in the understanding of the nonrenormalizabity of certain operators [16] . Hence, we will employ the BRST quantization method in this entire work.
The BRST quantization allows one to fix the gauge and deal with the loss of the gauge symmetry in a systematic way. In fact, by introducing the Lautrup-Nakanishi field b (a Langrange multiplier) and the Faddeev-Popov ghost and antighost fields c and c and defining the following BRST transformations acting on the fundamental fields:
where s is the nilpotent BRST operator, it is possible to treat the quantization of electrodynamics with an off-shell BRST symmetry. Choosing the Landau gauge ∂ µ A µ = 0, for simplicity, the gauge fixed action reads
is the gauge fixing action enforcing the Landau gauge condition. In the sequel we display the quantum numbers of the fields and background tensors in Tables 1 and 2 To deal with the Lorentz-violating sector within the BRST quantization, extra care is demanded. In fact, the BRST quantization requires that all objects coupled to the BRST invariant operators must also be BRST invariant; on the other hand, objects coupled to the BRST noninvariant operators must have a BRST counterpart, i.e., they must belong to a BRST doublet, in order to guarantee the BRST symmetry. For instance, the background tensor v µ is coupled to a noninvariant BRST operator (but it is on-shell gauge invariant in the action -it is assumed that surface terms can be safely discarded and ∂ [µ v ν] = 0 must be employed). Nevertheless, dropping out surface terms requires that the integrand is composed by smooth functions at the compact support; however, nothing can be said about the background tensors. Moreover, it is not always true that a classical on-shell symmetry is preserved at quantum level. In fact, the QAP, which is the cornerstone of the algebraic renormalization, is applicable to local, power-counting renormalizable, and Lorentz invariant theories. Basically the QAP establishes that the extension of the vertex functional must be a local polynomial respecting the power-counting criteria. Within the Green function formalism, the proofs of the theorems on which the QAP is based assume Lorentz covariance of the Green functions [50, 51, 52] . Also there exists a proof of the QAP without using Green functions, but within a well-defined causal structure [53] .
Here, there are two distinct types of Lorentz transformations -the observer and particle Lorentz transformations -with the loss of the Lorentz covariance under particle transformation. To handle these issues, we will use the Symanzik external sources method [34] . This method consists in introducing a set of external fields in order to control broken symmetries. Here, this means that we will embed the Lorentz-violating action into a more general theory that respects Lorentz and CPT symmetry, and also BRST symmetry. We will proceed with this by treating each of the background tensors as an external classical source. However, there are two distinct situations due to the classes of composite operators. The sources that are coupled with BRST invariant composite operators also must be BRST invariant. On the other hand, sources coupled with BRST noninvariant composite operators must belong to a BRST doublet with their BRST counterpart, in order to ensure the BRST symmetry. Since the CPT-even bosonic violating term and all fermionic breaking terms are BRST invariant, they will couple to invariant sources. Thus, we define the following set of invariant sources:
On the other hand, the CPT-odd bosonic violating term will be coupled to a BRST doublet,
The quantum numbers of the sources are displayed in Table 3 . Eventually, to reobtain the starting action (3.2), these sources will attain the following physical values:
The 
while the embedding of the Lorentz-violating term for the fermionic sector is given by
(3.
Thus, the most complete BRST invariant action is given by
Indeed, this is not the most general BRST invariant action; it is easy to note that extra combinations among sources are possible -vacuum terms, including the electron mass. However, this will not be important for the study of gauge anomalies. They are important, however, in the stability study of the model; see [16] . The quantum numbers of the sources follow the quantum numbers of the background fields, as displayed in Table 3 . It is easy to check that the action Σ, (3.10), at the physical value of the sources (3.6), reduces to
It is worthwhile to note that, once we have introduced the Symanzik sources, the action displayed in (3.10) does not correspond to the actual physical action anymore. The Lorentzviolating QED action was embedded into a more general action. In fact, the embedded action enjoys Lorentz, CPT, and BRST symmetries, and it will be the action submitted to the perturbative treatment within the algebraic renormalization approach. Moreover, the CPT-odd Lorentz-violating sector of the gauge field was embedded with the help of a BRST doublet, namely J and λ. From the general results of cohomology [33] , this sector does not belong to the physical sector of the cohomology, just like the gauge fixing action. In fact, as aforementioned, in this stage the theory does not correspond to the physical theory. Only after the study of the gauge anomalies is the larger theory contracted down to the original action (3.11). Furthermore, when the physical values of the sources (3.6) are taken, the BRST symmetry is explicitly broken and the CPT-odd Lorentz-violating term of the gauge field is "released." 1 At this stage, one might study the effects of the CPT-odd Lorentz-violating sector on the unitarity of the action (3.11) [12, 54] .
Gauge anomalies in Lorentz-violating QED
To proceed with the algebraic analysis on the possible gauge anomalies in Lorentz-violating QED, we will display the most complete set of Ward identities enjoyed by the classical action (3.10), and in the sequel we shall study their extension to quantum level. 1 Although the Symanzik method is not a regularization method, it can be compared with by analogy. Let us consider, for instance, dimensional regularization [17, 18] . In dimensional regularization, a Feynman integral is embedded in a bigger space with complex dimension, say, d = 4 − ǫ, containing spacetime. Only after the divergences are reabsorbed is the limit to four dimensions taken. One of the advantages of this method for gauge theories is that the gauge symmetry is preserved in the regularization process, avoiding problems for unitarity of the theory. Nevertheless, one does not speak about unitarity in the regularized phase of the theory. Moreover, in dimensional regularization an arbitrary mass parameter µ is introduced in order to keep the coupling constant dimensionless. One of the consequences of this is that the theory will be independent from the renormalization point, leading to the renormalization group flow. In the Symanzik method, effects from the procedure of the broken symmetries' control can also appear at the end, a kind of relic of the most general phase of the theory: In the present case, when the external sources attain their physical values (see [41] ), vacuum terms are generated.
Ward identities
The action (3.10) displays a rich set of Ward identities, listed below.
• Slavnov-Taylor identity
• Gauge fixing and antighost equations
• Ghost equation
• Rigid symmetry
In Eqs. (4.2) and (4.3), the breaking terms are linear in the fields. Thus, they will remain at classical level [33] .
Let F be a general functional with an even ghost number. The Slavnov-Taylor operator acting on F is defined as
Moreover, we can define the linearized Slavnov-Taylor operator, emerging from a perturbative expansion of (4.6) with F being the leading term,
Also, the following identities are satisfied:
Furthermore, the gauge fixing equation together with the Slavnov-Taylor operator, antighost equation, ghost equation and rigid operator satisfies the following algebra:
We will see that Eqs. (4.8) and (4.9) are very useful in the study of gauge anomalies.
Anomalous Slavnov-Taylor operator
One of the great questions in perturbation theory is if the symmetries of the classical theory can be implemented to quantum level, i.e., if there exist anomalies in the theory. It is worthwhile to mention that the Ward identities displayed in Eqs. (4.2)-(4.5) are not anomalous at quantum level. 2 In fact, these identities allow one to eliminate a lot of renormalization parameters of the theory. Moreover, although the rigid symmetry W rig describes the charge conservation, it does not develop an important role in the study of the quantum stability of the theory [16] . Indeed, the charge conservation described by the invariance of the quantum action under the operator W rig is a global symmetry. It remains to check if the Slavnov-Taylor operator is anomalous at quantum level. In fact, this is the most important Ward identity we have because it is deeply related to gauge symmetry. To do so, let us suppose that the Slavnov-Taylor breaks down at n order in perturbation theory
where ∆ (1) is a local integrated polynomial in the fields and sources with ghost number one and dimension bounded by four. Applying the linearized Slavnov-Taylor operator S Γ in Eq. (4.10), and making use of the identity (4.8), one finds
Equation (4.11) is the Wess-Zumino consistency condition for the anomaly [55] . To solve Eq. (4.11), not that it is a cohomology problem in the space of a local integrated polynomial in the fields and their derivatives, with ghost number one and dimension bounded by four. If the cohomology of S Γ is empty, we say that the model is anomaly free and the Slavnov-Taylor operator can be implemented at quantum level. On the other hand, if the cohomology of S Γ is not empty, namely, 12) where A = S ΓÂ with A a local integrated field polynomial and r an arbitrary parameter, we have an anomaly. Thus, the Slavnov-Taylor operator only can be implemented up to n−1 order in perturbation theory. In this case only the trivial part can be reabsorbed by redefinition of the effective action. It is worthwhile to mention that the parameter r is a function of the coupling constant and cannot be determined from algebraic methods; an explicit computation of the Feynman diagrams is needed in order to determine it. However, the algebraic methods can determine the form of the functional A through the study of the consistency condition for the anomaly, and independently from any renormalization scheme.
Besides the restriction imposed by the Wess-Zumino consistency condition (4.11), the algebra displayed at Eq. (4.9) will impose a few more restrictions on the form of the anomaly -from now on, without loss of generality [33] , we consider the break at order. In fact, the anomaly ∆ (1) still must obey the following restrictions, due to (4.2)-(4.5):
The most general solution for Eq. (4.13) reads
where A µ is a local functional of dimension three depending on the fundamental fields that do not belong to a BRST doublet (they belong to the trivial sector of the cohomology [33] ), i.e., b,c, λ, and J. Moreover, the dependence on the ∂ µ c is a consequence of the third equation in (4.13). It is worthwhile to note that the Slavnov-Taylor operator is the functional version of the BRST operator s. Of course, the discrete symmetries of the action are being used to select fewer terms 3 in (4.14). By eliminating gauge anomalies one understands that there must exist some mechanism yielding a vanishing parameter r, not that the functional A is not allowed. In the case that the functional A satisfies the Wess-Zumino consistency condition and does not belong to the trivial sector of the cohomology, an Adler-Bardeen-type nonrenormalization theorem [56] for the gauge anomaly is needed in order to establish the behavior of the parameter r under quantum corrections. For instance, whether the parameter r vanishes at one-loop order this theorem says if this property is kept to all orders, assuring (or not) the absence of gauge anomaly to all orders in perturbation theory.
Let us see in the sequel the possible contributions for the gauge anomaly respecting the criteria above mentioned and the conditions displayed at Eqs. (4.11) and (4.14). We have
Since ∆ (1) must satisfy the consistency condition (4.11), we get the following relations between some parameters: 
However, it is possible to show that ∆ (1) = S Σ∆ (0) , wherê
Thus, ∆ (1) belongs to the trivial sector of cohomology and does not contribute to the anomaly. Since this term belongs to the trivial sector of the cohomology it is an ambiguous term and can be compensated by introducing suitable noninvariant counterterm −∆ (0) into the effective action. Note, from Eq. (4.17) , that the composite operator c∂ µ A νF αν , which couples to the D α µ source, has the same discrete symmetries of the composite operator ψγ 5 γ ν D µ ψ. For this reason the C µν source cannot couple to it. Otherwise, the sources C µν and D µν would be indistinguishable at quantum level.
Conclusion
Applying the BRST quantization together with the algebraic renormalization technique, we conclude that the solution of the cohomology of the Slavnov-Taylor operator in the space of the local integrated polynomial of dimension four and ghost number one is empty in the considered order. Thus, the existent solutions belong to the trivial sector of the cohomology, and a nonnonrenormalization theorem is need. Since the method here employed is recursive, we concluded that the Lorentz-violating QED is free of gauge anomalies to all orders in perturbation theory.
As aforementioned, the quantum stability of the theory is analyzed by seeking the most general solutions of the Slavnov-Taylor operator in the space of the local integrated polynomials of dimension four and ghost number zero, i.e., S Γ Γ = 0, where Γ = Γ 0 + S Γ ∆ (−1) , and Γ 0 correspond to the nontrivial solutions. This means seeking BRST invariant solutions for the effective action. This was already performed at Ref. [16] , showing the renormalizability of the Lorentz-violating QED to all orders.
It is worth mentioning that the model presented here does not enjoy chiral symmetry, not even classically. The chiral symmetry is softly broken just as in the usual massive QED. However, the usual partially conserved axial current (PCAC) [43] could be modified already at the classical level by terms proportional to the background fields. Moreover, since the chiral current does not directly interact with the gauge field (one of the consequences for the model to be gauge anomaly free), the contribution to the chiral anomaly could only come from the usual ABJ chiral anomaly [43, 44] and terms proportional to the background fields. Thus, the decay of the pion would possibly be corrected by terms proportional to the background fields. Nevertheless, the issue of the chiral anomaly is outside the scope of this work and is left for future investigation. Let Γ be a quantum action, i.e.,
From the QAP we can suppose that the gauge fixing equation holds up to n−1 order in perturbation theory, namely,
where ∆(x) is a local polynomial insertion of dimension two and ghost number zero depending on the fields, their derivatives, and the sources. The most general form for it is
where F is a local polynomial in the fields A,c, c and sources J , and α is a constant parameter. From Eq. (A.1) we get the following consistency condition: Here, G(A, c, J )(x) does not depend on the b field, since its dependence was already absorbed into the effective actionΓ. The function f (c) is supposed to depend on c, but, from Table 1 , it is clear that it is impossible to build a function f (c) with mass dimension two and ghost number two depending only on c. Then, we set f (c) = 0. We have shown that the ghost equation holds at n order. The proof to all orders follows trivially by induction. The proof that the rigid symmetry holds at n order follows by supposing a general functional respecting the power-counting criteria, being a Lorentz scalar and a scalar in the spinor space, with vanishing ghost number.
